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Highlights

e Anovel non-discrete topology 7, is defined on the unit group U,, using conjugate pairs {a, p — a} as basic
open sets, where every open set is also closed (clopen).

e The function f: (Up, 7,) - (Qp, T¢) mapping x to x? is continuous, open, and closed, establishing a strong
topological link between the unit group and quadratic residues.

e The quotient space U, /~, under the equivalence x ~ y < x* = y?(mod p), is homeomorphic to the dis-

crete space of quadratic residues (Q,, 7).

e The topology 7, is disconnected and fails the T, separation axiom, whereas the discrete topology on Q,,
satisfies stronger separation properties such as T,.

o Key topological operators (interior, closure, boundary, limit points) are explicitly characterized for arbi-
trary subsets of U, revealing how structure depends on conjugate-pair symmetry
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This paper introduces a finite topological space 7, on the group of units modulo a prime p,
defined by its basis of conjugate residue pairs {a,p — a} for all units a € U,. We investigate
the fundamental topological concepts such as point-set topology, separation axioms, and char-
acterise the structure and behaviour of this topology. Additionally, we examine a function f
from 7, to the topology of quadratic residues 7,, mapping each unit to its square modulo p. We
analyse the continuity, openness of f, and explore its implications for separation properties.
Furthermore, we define a quotient topology on U, based on the equivalence relation x ~ y if
and only if x2 = y? mod p, showing that the resulting quotient space is homeomorphic to

1. Introduction

Quadratic residues are an important part of number theory that
used in areas like algebraic number theory and cryptography
(Shapiro, 2008). Meanwhile, topological approaches have become
common in studying algebraic structures, especially in fields like
algebraic geometry and commutative algebra (Atiyah and Macdon-
ald, 2018; Zariski and Samuel, 2013). By applying topological tools,
we can gain a richer perspective on the behaviour of these alge-
braic structures.

Let U, denote the group of units in the ring of integers modulo
a prime number p. An element a € Uy, is called a quadratic residue
modulo p if there exists x € U, such that x2 = a (mod p). The set
of all such residues, denoted by Q,, forms a subgroup of U,, under
multiplication, with each element having a multiplicative inverse in
the group (Gallian, 2021). We define a topology t,, on the group U,,
where the basis consists of the sets of conjugate residue pairs B, =
{a,p —a}foralla € Uy,

Unlike the standard discrete topology on finite sets, our defini-
tion gives a non-discrete topology 7, that reflects the symmetry of

conjugate pairs {@,p — a} in U,. While the Zariski topology (Zariski
and Samuel, 2013) focuses on polynomial structures in rings, and
prior work has examined profinite topologies on unit groups, 7, is
the first dedicated topology for U, based on algebraic symmetry.
However, 7, satisfies that every open set is also closed (clopen),
setting it apart from standard topologies like the discrete or metric
ones (Dummit and Foote, 2004; Munkres, 2014; Artin, 2014;
Willard, 2012).

The nature of such a basis in this topology leads to several novel
characteristics. Singleton sets are not open, and the set topology
like closure and interior, depends on these symmetric relation-
ships. Such a topology offers a new perspective for analysing finite
algebraic structures, which has potential implications in number
theory (Daoub, 2025) and cryptographic applications (Lang, 2002;
Alali et al.,, 2023).

Additionally, we define a function f: (U, 7,) = (Qp, 7o), where
f(x) = x? (mod p), with T representing the discrete topology on
Qp- It is found that this function is continuous, open, and closed,
which can establish a strong topological connection between the
unit group and the set of quadratic residues.
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To further explore, we construct a quotient topology on U, in-
duced by the equivalence relation x ~ y if and only if x? =
y?(mod p). This provides partitions of each unit with its inverse in
a manner that reflects the structure of the basis. We show that the
resulting quotient space U, /~ is homeomorphic to (@, 7¢), bridg-
ing concepts in modular arithmetic and topology (Rudin, 1976).

2. Results

Our findings are organised into three main parts, each explor-
ing distinct topological structures derived from the group of units
modulo a prime p. First, we investigate the topology 7,, defined on
Up,, where the space basis consists of all the sets of conjugate resi-
due pairs {a,p — a}. This topology exhibits striking properties,
such as the clopen property, and its separation and connectivity
characteristics. Second, we examine the discrete topology on the
set of quadratic residues @, investigating the interplay between
these spaces via a function that maps all units into their quadratic
residues, revealing both similarities and fundamental differences.
Third, we introduce a quotient topology on U,, induced by the
equivalence relation x ~ y ifand only if x2 = y2(mod p). The re-
sulting quotient space U/~ consists of equivalence classes of the
form {x,p — x} and is shown to be homeomorphic to @, with the
discrete topology.

2.1 Topology on The Group of Units

This section explores the topology (Up, 7,) defined by a basis
consists of all sets of conjugate residue pairs {a, p — a}. This space
is trivial if p = 2, or p = 3. We show that every open set is closed
and derive more key properties of point-set topology such as inte-
rior, closure, and limit points, to explain the properties of separa-
tion and connectivity within the defined topological space.

Proposition 1. Let (U,,7,) be a topological space, if U €
T, then U is a clopen set.

Proof: By the definition of the topology 7, , every basis element
{a,p —a}isan open set. If U € 7y, it can be expressed as a union
of basis elements. Thus, U is open.

To show that U is closed, we prove that U€ is open, where U¢ =
U,—U.Ifx € U, then x & U, it follows that the element p — x is
not in U whenever x is a unit (i.e,, x € Up). Thus, for each x € U¢,
we can construct a basis element { x, p — x } that is contained in U°.
Therefore, U€ is a union of basis elements. Thus, U is closed.

Proposition 2. Let A be any subset of U, such that A = {x} then:

1. A =0.
2. A={x,p—x}
3. b(A)={x,p—x}

4 A ={p-x}

Proof: (1) Let A = {x}, since A contains only the single element x,
any open set O that contains x must also include the element p — x.
Hence, O cannot be contained in 4, as O would include at least one
element that is not in 4. Thus, 4° = @.

(2) The smallest open set containing 4 is the basis element B,.
Since B, includes both x and p — x, Proposition 1 implies that B, is
closed. Thus, A = {x,p — x}

(3) By definition,

b(A) = An U, — A, where U, — A is the complement of A.

From (2), we know that A = {x,p —x}, and U, — A = U, — {x}.
Next, we determine U, — A. The point p — x is not an interior point
of U, — {x}, because the smallest open set B, is not contained in

U, — {x}. Consequently, U, is a smallest open(closed) set contain-
ing U, — {x}. Thus,

U, —A=U,.
Now, we compute

b(A) = AnU,—A={x,p —x}nUy,={x,p — x}.

(4) In the topology 7, the basis element containing x contains ex-
actly the two points x and p — x. Let V be any open set containing
p — x, then {x,p — x} c V intersects A at the point x. Therefore, p —
x is a limit point of A.

Proposition 3. Let A be any subset of U, such that A=

{x1,%5, ..., X}, where 1 < k < p — 1 then:
1. If x;€A andp—x; € A for some 1<j<k, then A°
A= (Ujfx}).
2. IfxjeAandp—x; ¢ Aforalll <j<k,thend =0@.
3. Ifx;€Aandp—x; € Aforalll <j <k thend = A.

Proof: (1) Suppose that x; € Aandp — x; € Aforsome 1 <j <k,
the set ij is the smallest open set containing x; and p — x;. Bx]. is
not contained in A, which means that X; is not an interior point of
A.Fori # j, the points x; € B,, C A. Consequently, A* = Uj,; By, =
A= (Ujfx}).

(2) Suppose that x; € A andp —x; € A for all 1 <j < k. In this
case, there is no basis element Bx],contains Xj and contained within
A.Thus A’ = ¢.

(3) Suppose that x; € Aandp — x; € A forall 1 < j < k. Then, for
each element x; € A, there exists a basis element By, c A, which
implies x; is an interior point of A for all j. Hence, A=A

Proposition 4. Let A be any subset of U, such that A=
{x1, %3, ..., %3}, where 1 < k < p — 1 then:
1. Ifx;eAandp —x; ¢ Aforsomel <j <k, thenA =AU
(Ujlp — x33)- B
2. Ifx;eAandp—x;¢Aforall1<j<k then A=AU
(Uleslp = x3)- )

3. Ifxj€Aandp—x; € Aforalll <j <k, then A =A.
Proof: (1) Since A = n { F | Fisaclosed set, A c F}, and for a given
A = {x1,x3, ..., %}, we know that x; € 4, and p —x; € A. From
Proposition 1, we have shown that the closure of a single-point set
{x;} is {xj,p — x;}. Since p — x; is not in A but is in 4, this implies
AU {p—x;} c A. Consequently, A = A U (U;{p — x;3).

(2) Letxj € Aandp —x; € A for all 1 < j <k, then from (1), we
conclude A = AU (US_,{p — x;}).

(3) Given that each x; and p — x; are included in A. it follows that:
m ={x;,p—x} < A

Since this holds for all j, we conclude

A= ijEA {xjvp - xj} =A

Proposition 5. Let A be any subset of U, such that 4 =

{x1, %5, ..., %}, where 1 < k < p — 1 then:
1. Ifx;€Aandp —x; € Aforsome 1 <)<k thenb(4) =
Uj By,
2. IfxjeAandp—x; €A foral 1<j<k, then b(4) =
Uff1 By,
3. Ifxj€Aandp—x; € Aforalll <) <k,then b(4) = @.
Proof: (1) From Proposition 4, U, — A = (U, —A) U (Uj{xj}), for
some j. Thus, b(A)=ANU,—A= (A U (Usfp - x]})) n ((Up -

A)U(UA%D)=(UKP—%DU(UK%D=LHBW
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(2) Similar to (1), U, — 4 = (U, — A) U (U'_,{x;}). Thus, b(4) =
AnT,=4=(auUlip - %) n (U, - 4) U (UlLx)) =
(Ufoafp = x3) U (Ufoifx)) = Ufy By

(3) From Proposition 4, since 4 = 4, and U, —A=1U, —A. Then
b(A)=ANU,—A=0.

Proposition 6. Let A be any subset of U, such that 4=
{x1, %2, .., x;}, where 1 < k < p — 1 then:
1. Ifxj€Aandp—x; ¢ A for some 1 <j <k, then A" =
A"V (Ujlp = %}).

2. IfxjeAandp—x;¢A foral 1<j<k then A =
U;{=1{p—xj}-
3. IfxjeAandp—x; € Aforalll <j <k then A" = A

Proof: (1) Suppose thatx; € Aandp — x; € Aforsome 1 <j < k.
Since the set ij is the smallest open set containing x; and p — x;,
then AN (ij - {x]}) =¢ and AN (ij —{p- x]}) # ¢, which
means that x; is not a limit point of A. However, p — x; is a limit
point of A. For i # j, the points x; € B, c A. Consequently, AN
(By, —{x:}) # pand An (By, — {p — x;}) # ¢. Thus, x; and p — x;
are the limit points of A. Hence, A’ = A" U (Uj{p - x]-}).
(2) Suppose that x; € Aand p — x; € A forall 1 < j < k. Since the
set By, = {x,p —x} satisfies AN (ij - {x]-}) =¢ and AN
(ij - {p - x]}) # ¢ forall j, then p — x; is a limit point of A. Thus,
A= U§:1{P — x5}
(3) Suppose thatx; € Aandp — x; € Aforall 1 < j < k. Then from
proposition 4, A = A. Therefore, A’ = A" = A.
Remarks:

1. The topological space (Up, rp) is not T, space.

Since x; and p — x; are two distinct points in Uy, and by the defini-
tion of 7, there are no open sets that contain one of these points
and exclude the other. Thus, 7,, is not a T, space.

2. The topological space (Up, ‘L'p), p > 3is disconnected.

Consider the open sets:

Then V and W are two open sets that satisfy V UW = U,,and V N
W = @. Therefore, Tpis disconnected.

3. The topological space (Up,rp) is a compact and Lindelof
space, as it is finite

4. The topological space (Up, ‘L'p) is a regular space.

Let F € U, be a closed set, x € F andlet U = {x,p — x}, then V =
U, — U is an open set containing F, x ¢ V, and U N F = @. Then the
regularity of 7, follows.

2.2 Quadratic Residues Topology

This section examines the discrete topology (@, 7o) on quad-
ratic residues modulo p, unlike the conjugate-pair structure of 7,,.
Moreover, T, treats each residue as an isolated point, enabling
sharper separation properties. We analyse the function f: U, —
Qp, which maps each unit to its square, showing their continuity
and openness.

Definition 1. Let Q, = {qy, 43, ---, qp-1} be the set of all quadratic

residues in Uy, and P(Q,) be the power set of Q,, then Ty = P(Q,)
defines a topology on Qp,

This topology is a discrete topology of the group of quadratic
residues modulo a prime p, it is an interesting topic in algebraic
number theory. This group comprises the set of residue classes that
are quadratic residues modulo a prime p. This group plays a signif-
icant role in various number-theoretic applications, including
quadratic reciprocity and cryptography.

The discrete topology on @, is a particular type of topology,
where the set of a singleton quadratic residue modulo p, {a} is
open. This topology provides a fine-grained level of detail, allowing
for precise analysis of the individual elements in the group.

The discrete topology 7, and the topology 7, are related but dis-
tinct topologies defined on different sets. Both topologies are de-
fined on sets related to the prime number p and modulo arithmetic;
they have different basis and generate different classes of open
sets.

Since every subset B, = {&,p — a} € B corresponds to a quadratic
residue a € Q,. We define a function between two topological
spaces (Uy, T,) and (@, 7o) as follows:

f(x) ={x%:x €Uy}

The function f maps the roots of the quadratic polynomial x? =
a (mod p) to the quadratic residue a € Q,, maps B, to a quadratic
residue.

Example 1. Letp = 7 then Q, = {1,2,4} and

7o, = {0,Q7,{1},{2}, {4}, {1,2},{1,4}, {24}}
and
B = {B; = {1,6},B, = {2,5}, B; = {3,4}},
so
7, ={0,U,,{1,6},{2,5},{3,4},{1,2,5,6},{1,3,4,6},{2,3,4,5}},
and f: (Up,rp) - (QP,TQ) will be as

fO=1Lf@D=4fR)=2fA=2 f(5)=4f(6)=1
Therefore, {1,6} = {1}, {2,5} » {4}, {3,4} » {2}, which corre-
sponds to the basis of the topology 7, and t,, respectively. From
the definition of @y, it is clear that U, = Q,,.

The function f: U, — @, highlights the interesting topological con-
nection between these spaces. Example 1 illustrated this mapping
and its structure.

Next, we examine the continuity of f and its effect on the topol-
ogies of both U, and Q,,, starting with the following proposition.

Proposition 7. The function f: (Up,rp) - (Qp, 7o) is continuous.

Proof: Consider f: U, » @, is defined by f(x) = x2, where x €
Uy, andletV S Q, be an open setin Q,. Then f~*({a}) for any a €
Qp is the set of elements x € U, such that x2 = a (mod p). This set
is either {a,p — a} or ¢, which is a basis element of the topology
on Uy, Therefore, f~*(V) = {x € U,: x*> € V} can be expressed as a
union of basis elements {« ,p — a} of Up,.

Proposition 8. The function f: (Up, Tp) - (Qp, 7o) is open.

Proof: Since any open set in U, is a union of basis elements f, =
{a,p — a}, and f(B,) = {a}, where a = a? (mod p). The image of
an open set 0 € U, under f is a subset of @y,. Since @, has the dis-
crete topology. Thus, f is open.

Corollary 1. The function f: (Up,‘rp) - (Qp, 7o) is closed.

Corollary 2. The topological space (Qp, ‘L'Q) isa T, space.
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In the context of the topological spaces defined on the group of
units modulo a prime p, we observe that (U, 7,,) exhibits certain
limitations regarding separation properties. Specifically, this topol-
ogy isnota T, space. In contrast, the topology (@, T ) on the group
of quadratic residues modulo p has stronger separation properties,
being T,. This distinction is crucial when examining the function
f:(Uy,7,) > (Qp,7g), which is not only continuous but also open
and closed. The function f is continuous because the preimage of
any open set in Qp, is open in U,. Moreover, f is both open and
closed it maps basis elements {a, p — a} in U, to singletons {a} in
Qp, preserving topological structure. While (Qp,, 7o) fails separa-
tion axioms (e.g., non-Ty), the discrete topology on (@p, T¢) satisfies
stronger properties like T, . This contrast shows how f bridges the
two spaces: despite the weak topology of U, the image under f in-
herits the strong separation properties of @,. Such behaviour un-
derscores how functions can transfer structure between topolo-
gies, even when their domains exhibit limitations.

2.3 Quotient Topology on U,

To define a quotient topology on U, we first need to establish a
suitable equivalence relation on U,,. This relation will allow for par-
tition U, into equivalence classes, which form a basis for the quo-
tient topology.

To define an Equivalence Relation, let U, be the group of units mod-
ulo p. We can define an equivalence relation ~ on U, as follows:

Forany x,y € U, , say x ~ y ifand only if x and y belong to B,,
ie,

x~ye (x*=y? (modp)).

This relation associates each element with its additive inverse in
the group of units.

The set of equivalence classes under this relation is denoted by
U, / ~. Each equivalence class has the form [x] = {x,p — x}.

We define the quotient topology 7, on the set U, / ~ as follows:

Consider the quotient map q: U, —» U, / ~ thatsends each element
x € U, to its equivalence class [x]. The quotient topology defined
on U, / ~ is the finest topology that makes the quotient map g is
continuous. Since Uy, is clopen in (Up, 7p), the equivalence classes
also retain this property under the quotient topology.

The quotient topology on U, is defined through the equiva-
lence relation x ~ y & x* = y* (imod p), which partitions U,
into classes [x] = {x,p — x}. In this topology, a set is open if its
preimage under the quotient map q: U, — Up/~ is openin 7. Re-
markably, this construction yields a space isomorphic to @, with
its discrete topology, the following Remark, effectively shows
transforming the conjugate-pair structure of Uy, into the separated,
point-like structure of quadratic residues. This quotient preserves
the fundamental relationships between elements while simplifying
the topological analysis.

Remarks: The quotient space U, /~, where x ~y & (x? =
y?(mod p)) is homomorphic to the discrete topology Qp- To show

that f:U, / ~ > Q,, defined by f([x]) = x? (mod p), it is indeed
well defined. Since for any x,y € [x] we have x? = y2 (imod p) by
definition of ~, which implies f([x]) = f([¥]).

By the definition of £, for any y in Qp there is [x] in the quotient
topology U,, / ~ such that f([x]) =y, i.e, f is bijective. f is contin-
ues as the quotient topology on U,, / ~ is the finest topology mak-
ing q: U, —» U, / ~ continuous.

In the discrete topology on @y, every subset is open. Thus, f trivi-
ally maps open sets to open sets. Therefor, f is a homeomorphism.

3. Conclusion

This paper establishes a novel topological framework on the
group of units modulo a prime p, revealing how algebraic symme-
tries specifically conjugate pairs induce a non-discrete, clopen to-
pology 7,. By constructing a continuous, open, and closed map from
(Up, 7p) to the discrete space of quadratic residues (@p,7y), the
work demonstrates a direct topological correspondence between
these algebraic sets. Furthermore, the quotient of U, by square
equivalence is shown to be homeomorphic to @, effectively trans-
lating modular arithmetic structure into a discrete topological
model. These findings provide a meaningful synthesis of algebraic
and topological methods, with potential applications in number
theory and cryptography.
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